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The influence of strain and temperature on the thermal diffusivity of solid propellant is 
investigated. Starting w-ith the classical heat conduction equation for constant thermal 
properties, a simple procedure for experimentally determining the diffusivity and check-
ing the validity of this equation is described. Existing theoretical bounds on the conduc-
tivity of composites with voids are then revieived. Following a description of the experi-
mental program, transient temperatures in two different solid propellants, covering the 
temperature range -320 deg F to 140 cleg F and strain range 0 to 20 percent, are given 
and compared with theory. The diffusivity is found to vary noticeably with both strain 
and temperature. 
Introduction 
The thermal diffusivity of a particulate-filled polymeric mate-
rial may, in general, depend on both current and past values of 
strain and temperature as a result of two distinctly different 
mechanisms. 
Strain-induced vacuoles affect the thermal conductivity and 
density; in turn, these properties cause changes in the diffusivity 
since it is equal to the ratio of conductivity to density and specif-
ic heat. Composite materials, such as solid propellant, consisting 
of soft elastomeric matrices highly-filled with hard particles may 
contain voids between the matrix and particles (dewetting) and 
within the matrix far below the point of gross failure [f J.1 For a 
given applied strain, vacuole dilatation usually increases with in-
creasing strain rate and decreasing temperature [1]. 
The second mechanism is related to viscoelastic behavior of the 
polymeric matrix and its effect on the matrix's specific heat. This 
thermal property usually decreases with decreasing temperature, 
especially as the temperature passes through the glass-transition 
region; moreover, the specific heat within this region is strongly 
dependent on the rate of cooling as a result of slow molecular con-
figuration rearrangements [2|. Thus, the diffusivity can be ex-
pected to increase as the material is cooled in the neighborhood of 
the glass-transition temperature since the conductivity does not 
normally decrease; see, e.g.. (3). 
It should be noted that the glass transition temperature, as 
normally defined for amorphous polymers, is the temperature at 
which the thermal expansion coefficient is nearly discontinuous 
[4]. This temperature is somewhat dependent on the experimental 
time scale over which the volume change is measured; a variation 
of approximately six deg (deg F) per decade change in time scale 
is typical [4|. Essentially, the same molecular processes are be-
lieved to produce this behavior and the dependence of specific 
1 Numbers in brackets designate References at end oi paper. 
Contributed by the Heat Transfer Division for publication in the JOUR-
NAL OF HEAT TRANSFER. Manuscript received bv the Heat Transfer 
Division, July :)(), 1973. Paper No. 74-HT-W. 
heat on temperature history; a generally accepted molecular 
theory of volume viscoelasticity is based on the concept of free 
volume [4], just as that for specific heat is based on the related 
hole theory of liquids and glasses (2. 5]. Results of these two 
theories recently have been related in [6] by using a relationship 
between specific heat and thermal expansion derived in (7) from 
the theory of irreversible thermodynamics. 
For the purpose of this paper, the term "glass transition range" 
will be defined as the temperature range over which the specific 
heat depends measurably on temperature history. The approxi-
mate lower limit of this range is the long-time glass transition 
temperature, Tg. as defined in the foregoing. In view of the un-
filled polymer data in [2] and [o), for example, the range may be 
as broad as 50 deg F or more, depending on the different cooling 
and heating rates used. Furthermore, the greatest variation with 
respect to history in specific heat occurs when a sample is slowly 
cooled through the glass-transition range and then rapidlv heated 
(2). 
The present study was motivated by the foregoing consider-
ations and the fact that significant discrepancies between mea-
sured and predicted transient temperature distributions (where 
the latter were based on the assumption of constant diffusivity) 
have been reported for solid propellant grain structures [8-10]. 
Although all of the sources of this error are not known there is ev-
idence in [8, 9] that the thermal diffusivity varies appreciably 
with temperature. In [9], thermal data obtained in transient tem-
perature tests were numerically differentiated which, together 
with the heat conduction equation, were used to derive local 
values of thermal diffusivity. It was concluded that the diffusivity 
is both time and temperature dependent; however, we do not be-
lieve these results necessarily imply diffusivity depends on vari-
ables other than temperature since the numerical procedure was 
based on the equation for constant conductivity and not that for 
temperature-dependent conductivity, equation (1). 
The specific objective of this paper is to report on the accuracy 
of the classical heat conduction equation with constant diffusivity 
and reasons for deviations, if any, for strained solid propellant 
subjected to a wide range of strains and specified boundary tem-
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peratures. The first three sections are concerned with theoretical 
aspects of thermal properties. Experimental work on the mea-
surement of thermal diffusivity of two different solid propellants 
and a comparison of theoretical and experimental results for 
transient temperatures are discussed in the fourth and fifth sec-
tions. Some final remarks deal with the relative effects of temper-
ature dependent specific heat and conductivity. 
Finally, we should add that those thermal properties of com-
posite materials which are discussed in this paper are assumed to 
he independent of specimen size and temperature gradients. 
These assumptions are valid as long as the dimensions of micro-
structural inhoir.ogeneity are very small compared to (il specimen 
dimensions and (iil distances over which the temperature varies 
appreciably. Properties of composite materials which satisfy these 
assumptions are usually called "effective properties." Both condi-
tions (i) and (ii) are met in many composite material applica-
tions; except at very short times under sudden boundary temper-
ature changes, they are met in the experimental investigation de-
scribed herein. 
The Classical Heat Conduction Equation 
The classical equation of heat conduction in nonhomogeneous 
orthotropic materials, assuming the principal material axes corre-
spond to the fixed x, y, z axes, is |11J: 
3 0 . 3 0 , 3 ,. 30 
" 3v "z 
± te £ £ ) + — ( *, ^ ) + — u>3 — ; = pc • . 
dx OX 3y " 3v 3z 6 dz 3/ 
(1) 
where ix, y, z) defines a fixed rectangular Cartesian coordinate 
system and 
II .= T - Tit - difference between local temperature, T, and a 
convenient reference temperature, Tn 
ki,k2,k3 = thermal conductivities in principal directions 
p = density; c = specific heat (based on unit mass) 
For isotropic materials set k\ = k2 = k3 = k. 
This equation was derived under the assumption of constant 
strain [11] and. therefore, c is actually the specific heat for con-
stant strain. However, with the condition that the strains are 
small, the effect of strain (or stress) state on the specific heat of 
monolithic elastic solids usually can be neglected (If J. Under this 
same condition, the form of the left-hand side of equation (1) re-
mains valid with varying strains. 
For later use, we will give the solution for two-dimensional heat 
conduction in the rectangle shown in Fig. 1. Assuming isotropy in 
the .t-v plane and that pc and the in-plane conductivity, k, are 
constant, equation (f) reduces to 
320 320 1 30 
77 + ~ 7 = K F (2) 
Ax dy 
where K = k j pc = thermal diftusivity; the conductivity in the z 
direction is not necessarily equal to k. The temperature 8 = 
6tjh(t) is given along the entire boundary, where hit) - unit-step 
function (hit) = o for t < 0 and hit) = 1 for t > 0) and do = con-
stant. The initial condition throughout the body is 6 = 0. We find 
by a standard method of analysis that 
where 
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Fig. 1 Time-dependence of center temperature (x = y = 0) 
Solution (3) at the center tx = y = <>) is plotted versus log (/r-r 
(log = logio) in Fig. 1 for several values of X. 
It is important to observe that the temperature depends on 
only one material property, namely the thermal diffusivity, and 
its only effect is seen in the time constant, -rr• This fact, together 
with the semilogarithmic plots in Fig. 1, can be conveniently used 
to evaluate the accuracy of the heat conduction equation (2) for a 
given material and to obtain a numerical value for the diffusivity. 
In particular, for a given aspect ratio (b/a) the experimental data 
are plotted in the form of 6/Bn versus log f. The amount of hori-
zontal translation which is required to superpose the theoretical 
(Fig. 1) and experimental curves is equal to log VT, where log r r 
> 0 (<()l when the same abscissa is used and the experimental 
curve is to the right (left) of the theory; the diffusivity K is then 
found from the relation 
4rr 
log K = log ^ r - log rT (8) 
If the two curves differ in shape, so that complete superposition 
cannot be achieved, then equation (2) with constant K is not 
valid. The discrepancy can arise from temperature-dependence 
and/or temperature history-dependence of the diffusivity. 
Heat Conduction With Discontinuous Specific Heat 
A heat conduction equation for viscoelastic media has been de-
rived in [6). and is identical to equation (1) except c is replaced 
by the "secant specific heat," cs = Q/dd/dt: Q is the rate of heat 
addition per unit mass under constant mechanical stresses. Eval-
uation of cs in terms of temperature history by means of nonequi-
librium thermodynamic theory is reported in |6). For the study at 
hand, it will be sufficient to note here that 
ce if T ' T 
c, = { " 0) 
r„ if T >-.-T, 
where Ts is the long-time glass-transition temperature. Also, cg 
and CeU'g < ce'\ are the glassy and equilibrium specific heats, re-
spectively; both of these limiting values depend on temperature 
but not on temperature history. 
Thermal Conductivity of Mater ia l s With Vacuoles 
In the experimental program to be described later, long cylin-
drical bars of solid propellant were subjected to various amounts 
of axial tensile strain and then immersed in a bath. For this load-
ing condition, even with vacuole formation, the material is ther-
mally isotropic with respect to two-dimensional heat flow in the 
plane of the cross section. Therefore, except near the ends, equa-
tion (2) should apply if the conductivity is constant. Of course, 
the thermal conductivity in the cross section and in the axial di-
rection are, in general, different. 
We now turn to the brief review of some theoretical results on 
conductivity which later will be compared to measurements on 
solid propellants. 
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Fig. 2 Effect of strain on center temperature (CTPB sample No. 2) 
The thermal conductivity of monolithic or composite materials 
with vacuoles can be predicted by treating the voids as a distinct 
phase with zero conductivity and using existing theories for com-
posites (see. for example. (13. 14, and 15] for isotropic composites 
and [16] and [17] for anisotropic composites). 
Let us consider first the result for an isotropic monolithic mate-
rial with a statistically uniform distribution (with respect to loca-
tion and orientation) of voids. According to [14], the best possible 
upper and lower bounds on conductivity. I;, in terms of void vol-
ume fraction, are given by the expression 
1 - a,. 
Fig. 3 Effect of strain on center temperature (CTPB sample No. 3) 
0 --: k /,', (10) 1 + ( « , / , ) 
where km = conductivity of the monolithic material without 
voids, and av = volume fraction of voids. The upper bound is also 
an exact result obtained by one of the so-called self-consistent 
schemes (fiCSi [14], and can be shown to be the conductivity for 
the case in which the voids form a "composite spheres assem-
blage;" by definition, this is an arrangement in which the void 
distribution in size and space is such that the total volume can be 
considered to be entirely made up of hollow spheres, each having 
the same void fraction as the composite. 
Another result of interest concerns the bounds on the 
transverse conductivity of a monolithic material having circular, 
cylindrical cavities; from [16or 17J: 
1 




where km and av are defined in the foregoing. -Just as for the 
sphere model, the upper bound is exact when the voids have 
varying diameters and are distributed in accordance with that 
described in the foregoing for spherical voids. The conductivity 
for the axial direction is given exactly as f 16): 
ka = (1 - av)km (12) 
The foregoing results, equations (10) to (12), can also be used 
when the material is itself a composite having conductivity km, as 
long as the voids are large compared to the size and spacing of 
the constituents. When this latter condition is not satisfied, we 
can draw upon the more involved results in [15| as long as the 
total body, with voids, is thermally isotropic. Consider, for exam-
ple, solid propellent. For this case, in the absence of voids, we can 
assume there are two phases: phase Xo. 1 consists of a large vol-
ume fraction of ammonium perchlorate particles l«i and ki) and 
phase No. 2 is the matrix consisting of rubber with a small 
amount of very fine aluminum powder (a2 and k2). From [15). 
with voids as the third phase, 
0 ;,• />- , Ui/3fc,) 
(13) 
where 
2 ' l (/„ (3/,>, ) " ' 
(14) 
Fig. 4 Effect of strain on center temperature (PBAN propellant) 
Several available methods of predicting conductivities of heter-
ogeneous materials and their agreement with experimental data 
are examined in fl8). 
Experimental Investigations 
The experimental program was designed to ascertain the effects 
of strain level, heating and cooling rate, and temperature range 
on the thermal diffusivity of state-of-the-art composite solid pro-
pellents. The specimens were furnished by the Aerojet Solid Pro-
pulsion Company and the Air Force Rocket Propulsion Laborato-
ry. A carboxy-terminated polybutadiene composite propellant 
(CTPB) containing approximately 76 volume percent solid parti-
cles (aluminum powder and ammonium perchlorate) was used as 
the primary test material because of its availability at the begin-
ning of the program. The second material was a polyibutadiene-
co-acrylonitrile) composite (PBAN) with approximately 73 
volume percent solid particles. (The glass transition temperature 
for polybutadiene propellant is typically around - 115 deg F.) 
The experimental study of strain-level effects was conducted on 
both CTPB and PBAN propellants. while only the CTPB propel-
lant was used in the investigation of time and temperature effects 
which is reported herein. Data on these latter effects for a fluoro-
carbon propellant are given in (6); since the results are very simi-
lar to those for the CTPB propellant and the filler volume frac-
tion is not known we have not included these data. 
Nominal cross-sectional dimensions (prior to straining) and ini-
tial and final temperatures are given in Figs. 2 to 6: the axial 
length of all specimens was approximately two in. Imposed axial 
strains are listed in Figs. 2 to 4 in their order of application. (The 
specimens corresponding to Figs. 5 and 6 were not under load.) 
Failure occurred near the grips whenever a strain somewhat larg-
er than 20 percent was applied. 
For the thermal measurements copper-constantan (ISA Type 
T) thermocouple wire with Teflon® insulation was selected be-
cause of its excellent sensitivity over the temperature range of in-
terest. Thermocouple placement for determination of center tem-
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perature was accomplished by insertion through a hypodermic 
needle located along the specimen's axis. All samples were X-
rayed in order to precisely determine the location of the thermo-
couple junction. Samples which exhibited gross misalignment of 
the thermocouple junction from the axial center line were rejected. 
In all cases, the location of the thermocouple was noted for later 
use in interpreting thermal data. 
Generally, the test procedure consisted of allowing a specimen 
to reach thermal equilibrium at the desired initial temperature 
by using either an environmental chamber or dry ice (-105 deg 
F) and then immersing the specimen in heated or cooled water or 
liquid nitrogen (-320 deg F), depending on the temperature range 
of interest. Replicate samples were made for each configuration 
and the tests were normally run twice for each temperature ex-
cursion; no significant difference between excursions appeared 
and, except for some influence of thermocouple misalignment, the 
specimen-to-specimen variation in thermal response was very 
small. After completing some of the tests with and without im-
posed axial strain, thermal tests were rerun on unloaded speci-
mens to spot-check for residual effects of water penetration and 
straining; none of significance were observed. For a more detailed 
description of specimen instrumentation and testing the reader is 
referred to [6].2 
It should be recalled that the theoretical solution given earlier, 
equation (3). is based on a step change in the surface tempera-
ture. Three different techniques of mounting the surface thermo-
couples were checked, and all results indicated that the propel-
lant surface reached 90 percent of the total change produced by 
the bath in less than one sec. Considering the fact that the total 
time required for thermal equilibrium was at least one min in all 
cases, the assumption of a step-temperature change is believed to 
be valid. Tests were also conducted to determine what effect, if 
any, heat conduction in the thermocouple lead wires had on the 
center thermocouple junction temperature. These tests consisted 
of running temperature versus time tests with and without the 
lead wires insulated by one-half inch thick rubber. A maximum 
relative error of only 1.8 percent due to lead wire heat conduction 
was observed. (That this effect is negligibly small was also con-
firmed analytically.) 
Another possible source of error in measuring center tempera-
ture is the air gap between the thermocouple junction and the 
propellant. The maximum relative difference between the junc-
tion and propellant temperatures was estimated theoretically (as-
suming idealized geometries of concentric spheres and cylinders) 
to be no greater than 5 percent; this maximum error occurs dur-
ing the early portion of the test. It should also be added that this 
error decreases with increasing axial tensile strain level because of 
lateral contraction of the hole surrounding the thermocouple 
junction. 
2 The PBAN propellant was not tested until after writing {6}. 
LOG t { m i n ) 
Fig. 5 Effect of temperature range on center temperature (CTPB pro-
pellant) 
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Fig. 6 Effect of temperature range on center temperature (CTPB pro-
pellant, large specimen) 
Discussion of Results 
Effect of Strain Level. The results for CTPB samples No. 2 
and No. 3 are shown in Figs. 2 and 3, respectively. The data for 
the strained specimens in these figures have been corrected for 
the effect of strain on the cross-sectional dimensions. This correc-
tion consisted of horizontally translating the original data to the 
right an amount equal to log (1 + f()~2. where ed <0) is the later-
al strain; in view of equation (7), this process reduces all data to 
the initial cross-sectional dimensions. The effect of thermal ex-
pansion, or contraction, on the dimensions was found to be negli-
gible. 
The solid line in each of the figures is the prediction obtained 
from equation (3) after horizontally translating the theoretical 
curve until it matched the zero strain data at 6/Bo = 0.5. The in-
dicated value of K was then calculated from equation (8). 
The shapes of the theoretical curve and experimental data are 
somewhat different for both specimens, with the greatest discrep-
ancy existing for sample No. 2. It is believed that this behavior is 
primarily due to the thermocouples being slightly off-center, and 
to a lesser extent due to the diffusivity being a weakly decreasing 
function of temperature (see the next subsection) in the ranges 
shown. The first conclusion has been verified by (i) using equa-
tion (3) to calculate the temperature versus time for locations 
away from the center (x ^ 0, y = 0) and finding that the experi-
mentally observed shape of 9 versus log t is predicted at. slightly 
off-center points; and by (ii) X-raying all of the specimens to find 
that those specimens, including the ones discussed in the next 
subsection, which had the most closely centered thermocouples 
provided temperatures which were in the best agreement with 
equation (3) in the - 2 0 and 32 deg F range. 
An effect of strain level, although small, does exist; namely, the 
data at a given temperature tend to move to longer times with in-
creasing strain. The largest horizontal difference between the 
strained and unstrained results is approximately 0.04 units in 
Fig. 2 and 0.02 units in Fig. 3; corresponding dilatations are ap-
proximately 3 percent (at e5) and 2 percent (at (3), respectively, 
which values were obtained using a gas dilatometer described in 
[19].3 (Both specimens were very close to failure at these strains 
as they broke after being unloaded and reloaded to strains slight-
ly above these values.) This horizontal difference implies the time 
constant TT (equation (7)) has increased or, equivalently, the dif-
fusivity has decreased by 9.6 percent and 4.7 percent, respective-
ly-
As a simple check on part of the foregoing theory, the diffusivi-
ty of CTPB propellant at room temperature will be predicted and 
compared with experimental results. The following properties will 
be used under the assumption that they are unaffected by chemi-
cal and physical interactions between phases: 
3 The dilatation did not change noticeably when the axial strain was held 
constant. 
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Thermal 
conduct iv i ty Specific hea t Dens i ty 
B tu /h r - f t -deg F B t u / l b - d e g F lb / in . 
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perchlorate 
[20] 
R u b b e r binder 
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First, however, it will be necessary to calculate several compos-
ite properties which are needed in the application of the theory. 
In the absence of dilatation the density is p0 = «apPai> + <*rPr + 
"aiPai = 0.064 lb/in.3, where ap = ammonium perchlorate (66.5 
percent), r = rubber (23.5 percent), al = aluminum (10 percent) 
and, as before, the a are the volume fractions. With vacuole dila-
tation, the density is 
P = Pod - a„) (15) 
Specific heat in terms of mass fractions, u\ is c = u ' , p c a p + wrcr 
+ "ai'ai = 0.28 Btu/lb - deg F, which is essentially the same 
with or without voids (since the contribution from gas in the 
voids is negligible). 
The thermal conductivity of the propellant is calculated in two 
steps. First, we find the conductivity, fera, of a rubber matrix 
with small aluminum particles using equation (3.31) in [14): 
"Va — '* r 
a' 
(_^_) + ^ 
/?a, - kr 3 
(16) 
where the a' are volume fractions referred to the volume of rubber 
plus aluminum only. Because fea, » kr. 
fc,U + 
3 a,', 
0 . 20 B t u / h r - f t - d e g F (17) 
It should be noted that since the particles have a higher conduc-
tivity than the matrix, equation (16) is a lower bound to the ac-
tual conductivity, and is an exact result if the particles are spher-
ical and distributed in accordance with the so-called composite 
spheres assemblage (14). We now calculate the propellant's con-
ductivity by considering it to be made up of relatively large am-
monium perchlorate particles embedded in a matrix consisting of 
rubber plus aluminum powder. Equation (16) can be used again 
(since kBV > kre) but with the following substitutions: kr -» kra, 
k*\ ~* ^ap. «ai' ~~* afip, oc/ ~- «ra. and ^ra ~* ko, where kcs is the 
propellant conductivity without voids. We find k0 = 0.26 Btu/ 
hr-ft-deg F. The diffusivity in the absence of voids is no = kD/p<>c 
= 1.21 in.2/hr, which is approximately 20 percent less than the 
experimental value of 1.5 in.2/hr in the range 0 deg -32 deg F. 
However, the prediction is based on properties at room tempera-
ture, and is close to the measured diffusivity of 1.25 in.2/hr in the 
32-70 deg F range (see Fig. 6). 
We now return to the problem of predicting the effect of voids 
on the diffusivity. The very idealized conductivity model of a sta-
tistically homogeneous material with large voids, equation (10), 
together with equation (15) for density, yields for an isotropic 
body, 
0 s K £ (1 + /2)" (1 - O . 5 0 a > 0 (18) 
This void size in solid propellant is comparable to that of the AP 
particles, and therefore equation (18) is not strictly valid. How-
ever, it is to be noted that the conductivity of the AP particles 
given in the table and that of the rubber-aluminum matrix, equa-
tion (17), are relatively close; in fact, if they were the same, equa-
tion (18) would be rigorously valid. In order to demonstrate that this 
estimate is quite good for the case at hand, we will use equation (13) 
to obtain the bounds on conductivity and then diffusivity; this 
1 These properties vary somewhat from polymer to polymer, and there-
fore the values shown are. at best, only representative. 
equation places no restriction on the relative size of the ammo-
nium perchlorate and voids. In terms of the present notation, we 
have that k\ = kap, k2 - fera, and cti = "ra
0 d _ <*u). where a r a ° 
is the volume fraction of the rubber-aluminum matrix without 
voids. Use of equation (13) and the properties, along with the as-
sumption a« « 1, yields 
0 £ k £ 0 .89(1 - 1 . 4 5 a „ ) ^ ? f r 0 = (1 - 1 . 4 5 a > 0 (19) 
In terms of diffusivity, 0 < K < (1 — 0.45 ctv)Ko, which is very 
close to equation (18) as originally suggested in view of the close-
ness of the conductivities / j r a and feap. 
The uniaxial state of stress in the specimens causes the voids to 
be ellipsoidal, rather than spherical, with the major axis parallel 
to the stress direction [1]. Since the voided composite is not actu-
ally isotropic it is of interest to evaluate the effect of voids using a 
model which accounts for this orthotropy. The cylindrical hole 
model, equations (11) and (12), provides a simple limit case for 
the orthotropic composite conductivity. In terms of diffusivity, 
equation (11) becomes 
0 (1 + a „)- '«( , - (1 - a„)/v'(l (20) 
which may be compared with the result for spherical voids, equa-
tion (18). 
For 3 percent void content (in sample No. 2), the sphere and 
cylinder models yield, respectively, a 1.5 percent and 3 percent 
decrease in the upper bound diffusivity. In contrast, the speci-
men's diffusivity decreased by 9.6 percent; similar results are 
found for sample No. 3, with the measured decrease in diffusivity 
being more than twice the predicted decrease. However, the 
upper bounds, in predicting a very small change, are certainly 
much better estimators than the lower bound of zero. 
Let us now consider another limit case, which will provide a 
better lower bound on diffusivity than zero. Consider the propel-
lant to be completely dewetted. with all the AP particles entirely 
inside the voids and not in contact with the rubber-aluminum 
binder. Furthermore, assume the cavities are cylindrical, of vary-
ing size, and randomly distributed in accordance with the com-
posite cylinders assemblage model [17]; the upper bound on 
transverse conductivity, equation (11), with km = kra is then the 





and for axial heat flow, ka = 0.77(1 - «„) ko. Translating these 
results into diffusivity, with au ^ a a p since full dewetting is as-
sumed, we find K C~ 0.6 in.2/hr and na ~ 1-0 in.
2/hr, which pro-
vide idealized lower bounds on the actual transverse and axial 
diffusivities. It is important to observe that these lower bounds 
are very sensitive to the amount of aluminum in the binder 
(through its effect on kra), and they would be much smaller if 
there were no aluminum. On this basis, it is expected that the 
diffusivity of a composite with little or no aluminum, such as the 
PBAN propellant, would be more strongly affected by vacuole di-
latation than CTPB propellant. 
Predictions for the PBAN propellant (1 percent aluminum pow-
der and 72 percent ammonium perchlorate) are summarized as 
follows: p0 = 0.06 lb/in.
3, c = 0.29 Btu/lb-deg F, kra = 0.10 Btu/ 
hr-ft-deg F, k0 = 0.22 Btu/hr-ft-deg F, and K0 = 1.0 in.
2/hr. 
Equation (18) retains its present form and the remaining ones be-
come, respectively, 0 < k < 1.22 (1 - 1.45 av)k0, ka = 0.46 (1 -
av)ka, K = 0.28 in.
2/hr, and xa = 0.49 in.
2/hr, where the latter two 
values are idealized lower bounds. 
Results for the PBAN propellant are shown in Fig. 4. The pre-
dicted KO (1.0) is a little less than the observed value shown in the 
figure, probably due in part to the uncertainty in rubber conduc-
tivity. The propellant exhibited a 21 percent decrease in diffusivi-
ty under a strain of 20.4 percent; the corresponding dilatation is 4 
percent [19]. This change in diffusivity is approximately 5 times 
the void content, whereas the average CTPB diffusivity change is 
2.7 times the void content. This greater change in diffusivity for 
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the PBAX propellant is as expected because of its lower alumi-
num content compared to the OTPB propellant. 
Time-Temperature Effects. Figs. 5 and 6 show the center 
temperature in two different sizes of OTPB samples over a wide 
temperature range. The diffusivity of the OTPB propellant above 
7'g is estimated to vary from 1.89 to 1.21 in.2/hr over the temper-
ature range -105 to +140 deg F, as shown in these figures. Fur-
thermore, a comparison of Figs. 5 and 6 shows that the nearly 
ten-fold difference in heating rate did not have any significant ef-
fect on diffusivity above -10,5 deg F. 
All of the curves in Figs. 5 and 6 labeled "theory" with the dif-
fusivity value shown were predicted using 'equation (3). The re-
maining curves, with a value for specific heat ratio shown, were 
calculated using constant values for k and p and the following 
discontinuous specific heat: c = cg for T < Tg and c = c€ for T > 
Tg, where cg and ce are constant; this special case is suggested by-
equation (9). 
For the purposes of estimating Tg only the specific heat was 
assumed to change in the range -105 to -320 deg F; as another 
idealization, this change was assumed to be uniform over the 
sample, and occur when the center temperature reached Tg. The 
value of 7'g was estimated by observing the point at which the 
measured temperature first departed from a constant diffusivity 
curve (the dashed line in each figure). The ratio Ce/cg was then 
found by trial-and-error; the values of cejce = 1.40 and 1.16 indi-
cated in the figures provide the best agreement between the theo-
ry and the measurements below Tg. The estimated values of Tg 
are -121 deg F and -148 deg F, corresponding to Figs. 5 and 6, 
respectively. 
The estimated specific heat ratio in the first case seems high 
for the following reason. The specific heat ratio for the rubber it-
self is typically between two and three. Taking this ratio as three, 
we calculate the specific heat ratio for the CTPB propellant to be 
1.12. which is close to the value of 1.16 found from Fig. 6. The 
discrepancy between the theoretical and experimental specific 
heat ratios is probably a result of the uncertainty in the magni-
tude of the horizontal shift needed to superpose the experimental 
and theoretical curves, both of which are relatively flat in the 
constant diffusivity region. A variation in estimated values of Tg 
and Ce/Cg is also to be expected because of the differences in sizes 
and resulting differences in temperature distribution and cooling 
rates. However, it is significant that both cooling curves, are accu-
rately predicted using piecewise-constant diffusivities, and that 
approximately the same value for glassy diffusivity {KS ^ 1.4 x 
1.6 •>- 1.16 x 1.89 ==• 2.2 in.2/hr) is inferred from the two sizes of 
CTPB samples. 
Temperature-Dependence of Thermal Diffusivity of CTPB 
Propellant. There are sufficient data in Figs. 5 and 6 to esti-
mate the variation of diffusivity with temperature. Specifically, 
this may be accomplished by matching the theoretical curve for 
constant diffusivity to the early portion of each experimental 
curve; for this portion, the specimen's temperature is close to the 
initial temperature except at the boundary. It is found that the 
following linear function fits the data very well over the range 
-105 < T < 76 deg F: 
K = 1.50 - 0 . 0 0 3 7 7 i n . V h r , (22) 
where T is in deg F; also, for 76 < T < 140 deg F: K = 1.21 in.2/ 
hr. With the exception of the diffusivity value for T > 76 deg F. 
the data for the large specimen in Fig. 6 were used to derive 
equation (22) because these experimental results are less sensitive 
to thermocouple misalignment than those in Fig. 5. 
Without having separately measured values of specific heat or 
thermal conductivity, it cannot be determined if the temperature 
dependence of diffusivity is due to conductivity or specific heat or 
both. However, from a practical standpoint, this distinction is not 
important as we shall show that the transient temperature distri-
bution is relatively insensitive to the source of the temperature 
dependence. 
As one limit case which is consistent with equation (22) assume 
the conductivity is given bv 
h fr,-U', -M( LZJI) 
T, - 7i 
(23) 
over the temperature range 7\ < T < 7'2, where A'i, k2 = conduc-
tivity at temperature 1\ and T2. respectively. Also, for this case 
pc is assumed constant. Substitute conductivity equation (23) 
into the isotropic version of equation (1) and, after some manipu-






Ir ~ k 




and V2^=<'(2/<1Y2 + r")2/<Jv2 + (l2/!)z2. Note also that Kt = k-i/pc. 
As a second limit case, assume that conductivity is constant 
but that the diffusivity is given by 
K = Ki - OM - K 2 ) ( | - - ^ ) = Kjfl - (1 - ^ ) 6 j (26) 
2 — 1 -̂1 
Thus, all temperature dependence of diffusivity is assumed to be 
due to the quantity pc for this case. The governing equation for 
temperature is written in the form 
V'fl, = 
K 3/ 
where 8C is a nondimensional temperature. 
e„ = 
T2 - T{ 
(27) 
(28) 
Fig. 7 Comparison of diffusivity and temperature functions for variable 
conductivity and specific heat 
Let us now consider the following problem. A body is initially 
at a uniform temperature 7\ , and is then suddenly subjected to a 
constant boundary temperature T2. We are interested in the rela-
tive difference in temperature predicted by equation (24) for con-
stant pc and by equation (27) for constant k. Equations (25) and 
(28) show that the initial condition and boundary condition are 
the same for both cases; viz, 0* = 8C = 0 in the body at t = 0 and 
8k = Bc = 1 on the boundary when t > 0. Thus, the solutions BH = 
ffktx, v, z, t) and 9C = 8c
fx, y, z, t) would be identical if the diffu-
sivity ic, equation (25), were the same as diffusivity K, equation 
(26). These diffusivities are not exactly equal for equal values of 
dk and 6C\ but they are very close to one another for the CTPB 
propellant, where k2Jki = K2/KI - 0.646, as shown in Fig. 7. This 
figure shows that the maximum difference is approximately 0.02 
Ki. If, in order to estimate an upper bound on the difference 6k -
8C. we replace K in equation (25) by K = K + 0.02 «i r~ 1.02 K, then 
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the solut ions are equal except lor a t ime-scale factor; viz. fl*(.v, y, 
:, I Ml) = Bc'x.y, z. t). 
Ina smuch as the t e m p e r a t u r e is a monotonical ly increasing 
(unction of t ime for th is problem, we conclude 8* > 8C for each set 
of var iables l.x, y, z, t). Moreover, a s s u m i n g the m a x i m u m slope 
(/&•;(/(log t) is app rox ima te ly equal to or smal ler t h a n ob ta ined 
for the cons tan t diffusivity case (e.g.. Fig. 1), we find MAX(9* -
0,0 •— 0.015. In order to relate th is difference to relative t empera -
ture change , equa t ion (28), we combine equa t ions (23) and (25) to 
find 
<>* = <U2-(l-£MflcJ/(l + &) (29) 
which is d rawn in Fig. 7 for the C T P B propel lan t . Using MAX(0* 
— 9c) — 0.015 and the m a x i m u m difference from equa t ion (29) 
yields M A X [ ( 7 \ ( ) . ( , 0 „ s t a n t - ( T i f t , c 0 n s t a i u ] ~ 0.04[T2 - 1\\ ~ 7 
deg F, correspontl ing to a tota l t e m p e r a t u r e increase of 181 deg F. 
When the body is cooled instead of hea ted , in which 'l\ is the ini-
tial t e m p e r a t u r e and 1\ is the boundary t e m p e r a t u r e , it is a s im-
ple m a t t e r to show tha t the m a x i m u m t e m p e r a t u r e difference is 
equal in m a g n i t u d e (but of opposi te sign) to the foregoing esti-
ma te (viz. 7 deg F) . 
T h u s , we observe tha t the predic ted t e m p e r a t u r e is relat ively 
insensit ive to the source of the t e m p e r a t u r e dependence of diffu-
sivity since, for the ex t reme cases s tud ied , the difference is at 
most 4 percent of the tota l t e m p e r a t u r e change . It should be em-
phasized, however, tha t th is conclusion does not imply the solu-
t ions for the two var iable diffusivity eases are close to the predic-
tion for constant diffusivity. Indeed, the diffusivity itself exhibi ts 
a 56 percent change over the t e m p e r a t u r e range used in the ana l -
ysis. 
Conclus ions 
T h e diffusivity of solid propel lant has been found to vary no-
t iceably with respect to both t e m p e r a t u r e and appl ied s t ra in . For 
t e m p e r a t u r e s above the glass t rans i t ion value Tg, a m a x i m u m 
error of 20 percent of the total t e m p e r a t u r e change could result 
for the par t icu lar prope l lan ts and the rma l condi t ions s tud ied if 
the t e m p e r a t u r e dependence of diffusivity is not t aken into ac-
count ; th is m a x i m u m error is larger if Tg lies between the mini -
m u m and m a x i m u m t e m p e r a t u r e s . The m a x i m u m error due to 
s t ra in - induced vacuole formation is approx imate ly 10 percent for 
s t ra ins up to 20 percent . (Had the diffusivity been found by 
m a t c h i n g theory and exper iment at 0/0o = 0.1 or 0.9, say, ra ther 
t h a n at the 50 percent t empe ra tu r e - change point , d/ffo — 0.5, the 
d iscrepancies caused by t e m p e r a t u r e and s t ra in dependence ot 
diffusivity could be greater . ) 
These errors in predic ted t e m p e r a t u r e , which could occur if a 
cons tan t diffusivity were used in the analysis , may lead to m u c h 
larger percent errors in predic ted stresses if the t e m p e r a t u r e is 
sufficiently low, as pointed out by San Miguel (9); th is sensi t iv i ty 
of stress to t e m p e r a t u r e is the result of the rapid increase in stiff-
ness tha t occurs for a viscoelastic mater ia l as the t e m p e r a t u r e is 
reduced . Wi th solid propel lant s t ruc tu res , the s t ra in d i s t r ibu t ion 
is generally nonuni form. Therefore, wi thou t further s tudy , it is 
not appa ren t if it is ac tual ly necessary to account for s t ra in-de-
pendence of diffusivity when conduc t ing a s t ruc tu ra l integri ty 
analysis , especially when one considers the unce r t a in ty in service 
env i ronmen t s and the fact t ha t failure of a viscoelastic mate r i a l is 
dependen t on the ent i re s t ress- t ime history and not on jus t the 
i n s t an t aneous s t ress [23], If failure predic t ions t u rn out to be sensi-
tive to changes in t he rma l proper t ies , then it m a y be necessary to 
de t e rmine t h e m by conduc t ing a m u c h more extensive series of 
tests on s t ra ined spec imens than descr ibed herein; e.g., de t e rmine 
diffusivity (or conduct iv i ty) and specific heat over a wide t emper -
a tu re range, in which the t e m p e r a t u r e gradient is kept smal l for 
each tes t . 
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